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Enlarging the set of tree functions to include those which depend on the
momentum vector has the effect of introducing new families and subfamilies of
functions. Four auxiliary conditions are used in the generation of these functions.
These auxiliary conditions introduce, as eigenvalues, four parameters in terms of
which the coefficients of the momentum-dependent functions can then be
expressed as linear combinations of the 16 leading coefficients. These 16 are all
rest-system coefficients. Thus the momentum-dependent part of the expansion is
expressible in terms of the rest-system portion, using only these four parameters.

1. INTRODUCTION

The earlier articles in this set (Clapp et al.,, 1980, 1979, and 1981),
which will be referred to here as I, II, and III, introduced notation,
equations, and expansion functions for the trilocal system. The functions
defined in II and III, however, were specialized to the rest system and did
not involve the momentum vector k. The full Hamiltonian includes terms
depending on k, included for example in the grouping H, in (I11.2.11b),!
and this “momentum Hamiltonian” will introduce momentum-dependent
expansion functions when it acts upon any of the momentum-independent
functions in II or in III.

In particular, operation by H, upon the tree functions in IIT will
generate momentum-dependent tree functions, each with a factor j,, ,
containing the “radial” dependence. These functions group into families, as
will be evident from the following sections.

'Equations from the earlier articles are cited with the paper number preceding the equation
number.
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Three new auxiliary operators will be introduced, each involving the
momentum k and one or both of the relative gradient vectors, v, and v,
Requiring that these new operators be conserved will permit the coefficients
of the momentum-dependent functions to be expressed as linear combina-
tions of the first 16 C,, through formulas similar to those given in Appendix
E of IIL

In the articles to follow this one, the interconnecting relationships will
be used to reduce an infinite system of coupled linear equations to a finite
system in which the matrix elements are functions of the eigenvalues of
these conserved operators. The finite system has an equally finite set of
discrete solutions, whose masses are to be compared with the observed
lepton masses.

But that is for the articles to follow. The present article has the
sufficiently large chore of sorting out the momentum-dependent tree func-
tions.

2. SPIN FUNCTIONS

For the rest system, there are 16 o-spin functions that enter into the
function expansions. These 16 were listed in (I1.4.1) and are given again
here:

M 1) P @ p) M) ) e
2(irxp)  *(irxXp)  Hirxp)  Yam) *op)
‘ptor)  YGirrXp)  *(iprXp) )

These are mnemonics for functions which are given explicitly in Clapp
(1961). As can be seen from the notation above, they include two 2§
functions, four P functions of odd parity, two *P functions of odd parity,
two 2P functions of even parity, one *P function of even parity, three *D
functions of even parity, and two *D functions of odd parity. There are
altogether eight o-spin functions of even parity in this list, and eight o-spin
functions of odd parity.
When the operator H,, defined by

H,=(1/9)(0*-k—3P7a’ k+0°-k) (2)
acts upon expansion functions containing these o-spin functions, and acts

again upon the resulting functions, 18 more o-spin functions are generated.
Each of these involves the vector k, either linearly or quadratically. The
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mnemonics chosen for these eighteen are

PR MR k) (kX)) 2GkXxn) o *P(ikXp)
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2ikxp)  ikxr)  Yikxp) 4kk) “Ake+rk)  ‘kp+pk)

Yikrxp)  YirkXp+ipkXr)  4itkXr)  *(ipkXp)

AikkXr)  “(ikkXp)

€)

The explicit functions, for most of these 18, can be obtained from functions
in (1) through simple substitution of one vector for another. Two only, of
those in (3), need special attention here. One of these, *(ikrXp), has the

explicit compon

“(ikrxXp) Y2 =

Yikexp); =

ents

—(k,z—k-r/2)(p, —ip, )+ (k,p, —k-p/2)(x—iy)

ilk,(xp, —yp,)—k-1Xp/3]
ilkxp, —ypo,)—k-rXp/3]
ilk(xp, —yp,)—k-rXp/3]

—(k.z—k-1/2)(p, +ip)) +(k.p. —k-p/2)(x+17)
—(k,z—k-1/p, +ip,) + (k,p, —k-p/2)(x+iy)
—(k,z=k-r/2)(p, +ip,) +(k.p. —k-p/2)(x+1y)

(ki +ik Nx+ip)p, — (k. +ik,)z(p; tip,)

(k. —ik )x—iy)p, — (k. —ik )z(p, ~ip,)

(k,z—k-1/2)p, —ip,)—(k,p,—k-p/2)(x—iy)
(k,z—k-r/2)p, —ip,)—(k,0, —k p/2)(x—ip)
(k,z=k-1/2)(p, —ip,)—(k,p, —k-p/2)(x—iy)

—ilk,(xp,—yp,)—k-TXp/3]
—ilk(xp,~yp,)—k-TXp/3]
—ilk(xp,~yp,)—k-rXp/3]

(k,z—k-1/2)(p, +ip,)—(k,p, —k-p/2)(x+iy)

(4a)

(4b)

The explicit components for the other, *(irk X p+ipkXr), can be obtained
directly from permuted versions of (4). There is no third such function, as a
result of the easily verified identity

ikeXp)+4(irpXk)+*(ipkXr)=0

(5)
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The choice of two combinations of these three, as the independent functions
to be used, is of course arbitrary. Considerations of symmetry were
paramount, in the actual choices that have been made here. One of the
chosen functions changes sign when r and p are interchanged, while the
other remains unchanged.

Of the 18 o-spin functions listed in (3), only 16 are truly independent.
This follows from two further identities, less obvious than (5) but neverthe-
less readily verified. These identities are

‘X p)k-p)—*(iprXp)k-1) —*(irkXp+ipkXr)r-p)
+4(irkXr)p +4(ipk X p)r? = (6)
‘ap+pr)k-nk-p) — (rp)k* | —*(m)i(k-p)* —k’p?]
—*(pp)(k-1)’ —k?r?] +4(kr+rk)[(k-p)(r-p)— (k-)p’]
+ikp+pk)k 1)1 p) — (k- p)r* | —*&K)[(r-p)* —r’p’] =0 (D)

These identities reduce the functions in (3) to eight independent functions of
even parity and eight independent functions of odd parity, the same count
as in the rest-system set in (1).

It is not very convenient to attempt to remove two of the functions in
(3), since (6) and (7) are not easily solved for an individual function in terms
of other functions. Accordingly, all 18 of the o-spin functions in (3) will be
used in the construction of expansion functions, but when the combinations
(6) and (7) arise, it will be remembered that they are identically zero.

With this cautionary note, we can proceed to construct momentum-
dependent tree functions. The o-spin functions that are contained will come
from the lists in (1) and (3). There will be 7-spin functions in each expansion
function, but no new r-spin functions are introduced by the operator H, in
(2), so that the 7-spin functions that will appear are just (-+)" and (—)", as
defined in (I11.2.2).

3. AUXILIARY OPERATORS

The auxiliary operator P'(V,- V,) was introduced earlier through the
operator equation (1I1.3.1), given again here as

PT(‘V,'VP)(I):—KerVq) (8)

This auxiliary condition also introduces the cigenvalue », which was earlier
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of use in providing expressions for the coefficients of the rest-system
expansion functions, as shown in Appendices E and F of III.

The generalization to momentum-dependent functions opens the way
to the introduction of two similar operator equations:

(ik-v,)®=kx,v'® 9)
P(ik-v,)0=kk,»"® (10)

These are auxiliary conditions that introduce the eigenvalues »” and »”,
analogous to » to some degree.

It is found that the operators in (9) and (10) have matrix representa-
tions which are symmetrical, when the function system is developed in such
a way that the momentum Hamiltonian H, in (2) has a symmetrical matrix
representation. The operator H, couples across families, while the operators
(8)-(10) are more restrictive, coupling functions which are within limited
families. The latter operators are thus particularly useful in developing the
sets of functions which are denoted as families, and in providing reduction
formulas permitting their coefficients to be expressed simply in terms of a
limited, finite number of leading coefficients, belonging to a similarly
limited number of leading functions in the separate families.

There is also another auxiliary operator of particular value, which
satisfies the operator equation

P(ik-v, X v, )®=—ki,k,y® (11)

The matrix representation of this operator is not symmetric, but is skew
symmetric. This is important in practical utilization of (11), but does not
diminish the utility of the auxiliary condition (11) in any way. Its value
comes from the coupling which it provides between families which are not
coupled by the simpler operators in (8)—(10).

The square of the operator in (11) can be expressed as a function of the
operators in (8)-(10). For this we can use the vector identity

(A-BXC)*=2(A-B)(B-C)(C-A)—4%(B-C)’~B*(C-A)’
—C2(A-B)*+A42B*C? (12)
which is valid for any three vectors A, B, C. From this we can establish that
Y2==200v"+v? +p?+p? -1 (13)

This fixes the magnitude of y, once we know », #’, and »”, but we are still
free to choose the sign of v, and this will prove to be important.
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4. 2S-STATE FAMILIES

When the operator in (9) is allowed to act on the initial rest-system
expansion function

<P1:Nojo,o[("")ﬂb(l)+(_)12€(1)] (14)

it generates a new function which has the form
. . T 12¢
POk =(iNy /Kk)(3) %,y o(k-D)[ () () + (=) ()] (15)

As in previous work, the normalization constant in (15) is not known until
the operator in (9) is allowed to act again, regenerating the starting function
together with further functions. Requiring that the matrix representation of
the operator be symmetrical then fixes the normalization constant.

In a similar way, the use of the operator in (10) generates the function

P = (N /) (3) 2k, ok p) () () +(+) ()] (16)

in which the r-spin functions have been altered by the operator P” in (10).
Further action by these operators generates the functions

@10 =Ny /k*)(45/4) 2y of (k1) —k?r7/3]

X[(H)** (1) + (=) ()] (17)
22k = (N, k) (45 /4) k2o [ (k-p)*— k%p2/3]

X[(+)** (1) + (=) ()] (18)
o2 =Ny /k2)(27/2)" 2k ey i [ (o) (kep) =2 (r-p) /3]

X[(5)P )+ (+H) ()] (19)

and many more.
The operator in (11), acting on the function in (14), generates the
function

B4 = (No/K) (9/2) 2k 6,y (K7 Xp)

X[(=)* () +(+)7*(1)] (20)
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and action by (9) and (10) upon (20) then generates functions resembling
(15)—(19) but all containing the factor (ik-rXxp).

Similar sets of functions can be generated as a result of operations
upon other starting functions, such as

P17 :N0(3)1/2Kr“pj1,1(r'P)[(—)TZb(l)+(+)12C(1)] (1)

These include
@3k = (iNy /K )(27/2) k2K, Jy o[ (ker) (1) — (k- p)r?/3]

X[(=) () +(+)*(1)] (22)

1,2 :
@bk = (No/k2 )(2025/14) / Kz"ﬁ]z,z

r

X[(k-r)(k-p)(r-p)— (k-r)’p2/3—(k-p)*r?/3
—(rp)’ k2342622 9)[(H) P () + () ()] (23)

For each function generated from ¢, or ¢,,, there will be a correspond-
ing function generated from ¢, or ¢4, defined in Appendix A of III:

2 =No(1/3) jo o[ 3(+) 7 (1) = (=) "**(1)] (24)

Q1 =gk, j1 1 (r-0) [3(=) (1) = (+)7*(1)] (25)
In each case the change in the grouping of spin functions is accompanied by

a change in the normalization constant, which is multiplied by (1,/3)'/2.
When the expanded wave function

o=Cip, +Cp, + "'+C11’0’k‘¥’11’0’k+ (26)

is substituted into the operator relationships (8)-(11), and terms involving
each function are collected separately, the result is relationships among the
coefficients. These relationships can be solved to give the higher coefficients
in terms of lower ones. In particular, we find

C]I,O,k: _31/2V/C1 (28)

C]O,l,k: _3]/2VI/C1 (29)
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chrE=(9/2)"C, (0)
C202k = — (45 /4)'*[y2 —1/3] C, (31)
c22%k=—(45/4)[»*—1/3]C, (32)
Chb2k=—(27/2)"* vy~ /3]C, (33)
crlk=(21/2)"*[w'—v" /3]C, (34)

C222k = (2025 /14) [ ww'v" —v? /3~ /3= /3+2/9]C,  (35)

with similar reduction equations for C;3 and C;-**, and so forth, expressed
as multiples of C,.

Many of the functions, such as (17) and (18), can be seen to have the
form of Legendre polynomials insofar as their dependence upon a cosine is
involved. This is reflected in the corresponding coefficients, as shown in (31)
and (32), where the parameters »” and »” play the role of cosines. Others of
the set of functions, for example (22) and (23), and the corresponding
coefficients, (34) and (35), contain what are evidently generalizations of
Legendre polynomials. Three different cosines are involved, but they are not
fully independent: when two cosines are close to unity, the third must also
be fairly close to unity since the three vectors, k, r, and p, are constrained in
this case to be nearly parallel.

These functions of three cosines are hyperspherical harmonics in nine
dimensions, but for a particular kind of expansion in which there are three
“radial” scalars, the magnitudes of the three vectors. A different system of
hyperspherical harmonics arises when the variables for the “bowl” expan-
sion of II are selected.

5. “P-STATE FAMILIES

Within the first 16 rest-system tree functions, there are three quartet
P-state functions, two having odd parity,

93 =iNo(2/3)"*K, 1 o( )" (x) (36)
‘P4:iN0(2/3)1/2"pj0,1(+)14(P) (37)
the third having even parity:

‘1’9:No"r"pj1,1(+)14(ir><P) (38)
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When the operators in (8)~(10) act on these three functions, the result is two
separate families of momentum-dependent functions. However, the operator
in (11), itself having odd parity, couples across between the odd-parity
family and the even-parity family, joining them into a single system.

The structure of these families is sufficiently complicated to make
notational difficulties, and the notational choices that have been made here
should be considered as very tentative. One function that appears im-
mediately, when the operators in (9) and (10) are applied to (36) and (37), is
the following, which has been given a nonideal name:

@Ok = (Ny /k)(2/3)" jo.o( =) (k) (39)

Other functions which appear at the same time are

POk =(No/k)(3) P62 o( =) [* ) (ker) —*(0)r?/3]  (40)

P2k =Ny /k)(3) 2k jo (=) [*(0) (k-p) —*(K)p>/3]  (41)

The above two are straightforward, but the following three were not
immediately or easily sorted out:

Pk =(No /k)(2/5) ke, gy n(+)

X[} ) (k-p) +*(p) (k-1) +4 (k) (r-p)] (42)
ok k= (N /k)(3/2) k1 (+)

X[*)(k-0)—*(p) (k-1)] (43)
PR =(No /K )(1/2) ke ey i (+)T

X[* () (k-p) +*(0) (k1) ~*(K)2(r-p)] (44)

Among the alternative choices, only these three linear combinations will
give symmetry to the pertinent matrix elements in the matrix representa-
tions of the operators in (8)-(10), and the appropriate skew-symmetry to
the matrix form of the operator in (11).
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Further operations, particularly with the operator in (8), give the
relatively straightforward functions

@31k = (N, /1) (15) 2, o ()
X (4@[(k-r)(r-p)— (k-p)r?/s]
~(r¥/5)[*00)(r-p) +4(0)(k-1)] } (45)
95>k = (N /k)(15)" k3 1 5 (+)"
X {*(p)[(k-p)(r-p)— (k-1)p?/5]
~(e/5)[*@)(r-p)+4(r) (k-p)] } (46)

However, they also give the three difficult functions
= (N /k)(15/2) " *x2K2 o o (=)
X[ (r-p)*—r%?/3] (47)
k= (No /K )(15/2)*w2x2 joo( =)
X[*@)(k-p)(r-p)—*(p)(k-F)(r-p)] (48)
W32k = (N /K)(135/14) 222 o o(— )
X {*@)[@-p)(r-p)— (k1) (26/3)]
+4(0)[(k-1)(r-p)— (k-p)(2r/3)]
—(2/3) *®)[(x-p)’—2%%/3] } (49)

The difficulty lies in discovering the correct linear combinations to use,
which will symmetrize the matrix versions of the operators. In particular,
comparison of (47) with (42) discloses a distinct difference in character.
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Examples of other functions in this same family are
gk =Ny /k)(525/8)" 2y o(—)
X {*[r)(r-p)’ = (k-p)(r-p)(2r?/7)— (k1) (r%%/7)]
—(2/7) (p)[ (k1) (r-p)r? — (k-p)r*/5)
~ (/1) ®)[(r-p)*r2—rie/5]} (50)
g2k = (il /2 )(525/8)"* i, a1 ()
X ({O[®-r)’(r-p)— (k1) (k-p)(2r2/7)—(r-p)(k?r?/7)]
= 2/7) W[ (&r)(r-p)r? ~(k-p)r/s]

~(1/7)*(p)[ (1)’ r2 —k?r/5]) (51)
gy 02 = (iNy /K2) (3)" 2k, 1o )" [* (k) (k1) =4 (1) k2/3] (52)
932 = (i /k2) (3)' 7k, Joa(+) T [*(R) (k-p) —*(p)k /3] (53)

o2 = (iNy /k2)(27/2)" "k, o, ()
X {(4(0)[(k-x)(r-p)~ (k-p)r/3]
~(1/3)[* @) (r-p)k* ~*(p)k?r/3]} (54)
2 =(iNy /k2)(27/2)" Pk 2 ji o (=)'
X (*1)[(k-p)(r-p)~ (k-1)%/3]
= (1/3)[*(p)(x-p)k> —*(r)k%?/3] ) (55)
@352 = (iNy /K2 )(10)' k2, o (+)
X ([ (&-r)(k-p) = (r-p)k?/2] —*(p) [ (k-¥)’—k?r?/2]
+(1/2) ) (k-r)(r-p)— (k-p)r?] } (56)
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i = (iNy /K )(10) a2 jy (=)'
X {*(p)[(k-r)(k-p)— (r-p)k?/2] =*(1)[ (k-p)* —k%?/2]
+(1/2) *(K)[(k-p) (r-p) — (k-1)p?] } (57)
g2 = (iNy /k2)(50/7) 2K, o 1 (+)
X (4O [@-1)(k-p) — (r-p)k?/5] +(1/2) *(p)[ (k-1)*—k2r?/5]
—(2/5) W) [(k-1)(r-p) +(k-p)r?/2]) (58)
oy 22k = (iNy /k?)(50/7) k2 ji o( =)
X (*(0)[(k-1)(k-p) — (r-p)Kk?/5] +(1/2) *(1) [ (k-p)* — K%?/5]
—(2/9)* W) [(k-p)(r-p) +(k-1)p?/2] } (59)
o1 = (N /) (15)" 2k ey 11 ()
X {4 ®)[(k-r)(k-p)— (r-p)k?/5]
— (K/5)[*(") (k-p) +4(p)(k-1)] ) (60)

In addition to the odd-parity *P family given above, there is an
even-parity “P family growing out of the function ¢, in (38). The first two
momentum-dependent functions in this family are the very simple ones:

9% = (iNy /K)o o( =) (ik XT) (61)
ok = (iNy /K )k, o, ()" (ikXp) (62)
Sorting out the next functions proved a difficult task, but eventually led to:
%sl k= (’No/k)(9/2)l/2 pj2,1(+)7 [4(ik><r)(r-p)—4(ik><p)r2/3]
(63)
2,1,k — 1/2 2. 4
@5, =(iN, /k)(6) rk Jz,1(+)

X[*(irxp)(k-1)+(1/2) *(ikxr) (r-p) —*(ikxp)ri/2]  (64)
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P> =(iNy /k)(9/2)" 2k 52/ (=) [*(ikXp) (r-p) —*(ikXr)e?/3]
(65)

. 1/2 . T
P52k = (iNy /k)(6)' 2k, K2y 2(—)

x[“(ivxp)(k-p)~ (1/2)*(ikXp)(r-p) +*(ikxr)p?/2] ~ (66)
Moving in this same direction, the next functions in this family are
P32k = (1N /) (75 /4) P s (=)
X (*(ikxn)[(r-p)*—r??/5] =*(ikxp)(r-p)(2r?/5)}  (67)
g = (iNy /k)(15/2)" Pl js (=)'
X {#(irxp)[(k-)(r-0) ~ (k-p)r?/s]
+(1/2) *(ikx0)[(r-p)’— /5] —*(ikxp) (r-p)(2r*/5) }
(68)
@3>k = (iNg /K )(75/4) w2l o 5 (+)]
X {#(ikxp)[(r-p)*—r¥?/5] - *(ikxr)(r-p)(26%/5)}  (69)
o8,k = (iNy /K )(75/2) P2} o o(+)
X {4(irxp)[(k-p)(r-p) — (k-r)p?/5]

—(1/2) *(ikxp)[(r-p)* —r?/5] +4(ik Xr)(r-p)(20%/5) )
(70)

Functions with quadratic dependence upon momentum include the
very simple pair

@302 = (N, /k2)(5)2K2y (=) (ikXr) (KkoT) (1)

#5275 =(No /2)(5) 3o o =) (KX p) (k-p) (72)
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and the somewhat more complicated linear combinations:

k= (No /K2 )(3/2) 2k, iy 1 (+)7 [*(ikXr) (k- p) +4(ik X p ) (k-1)]
(73)

2 . T
(P19’al’2k = (No/kz)(g/z)l/ "r"pjl,1(+)

X [*(ikxr)(k-p) —*(ikXp)(k-1)+*(irxp)(2k%/3)]  (74)

The system of functions is, of course, endless. However, we will actually
need to use only a relatively small number of these functions, at least in the
calculations needed for the identification of particlelike trilocal structures.

When the auxiliary operator equations (8)-(10) are applied to the part
of the wave function containing these *P functions, we are able to solve for
the coefficients of these functions, in terms of a few leading coefficients.
These leading coefficients will include C,, C,, and C,, the coefficients
belonging to the functions (36)—(38). Also, at this stage, they will include
CHOk C3%k and CQU*, belonging to (39) and (61), (62), but at a later
stage we will express the latter three in terms of the former three, with the
aid of (11).

For the functions (40)-(44), the coefficients are

Ck=(9/2) [v'C, +(1/3)CP ] (75)
CI2k=(9/2)"?[vCy +(1/3)CP0 ] (76)
Cii = (3/5)"*[v"Cy +v'C, —rCP0H] (77)
G =G/ C —v'G,] (78)
Cl k= (3/4)"2[v"Cy+v'Cy +20CP0 4] (79)

The coefficients for the functions (45)-(49) are found to be
Gl =(45/2) ¥ [(=wv' +v7 /5)Cy+ (v /5)C, — (v/5)C% 4] (80)
Clk = (85/2) [ (= w40 /5)Cy+ (7 /5)Cy = (3/5)C00 ] (81)
Chk = (d45/4) (42 ~1/3)CP 0 (52)

CHP*=(45/4)"*[v"C,~v'C,] (83)



Trilocal Structures. IV 533
CE2*=(405/28)"*[(—vw"+2v' /3)Cy + (—wv' +20" /3)C,
—(2/3)(r* —1/3)C%H] (84)

In the even-parity family, we find that the coefficients to be associated
with the functions (63)-(74) have the following reduction formulas:

CE1r=(9/2)"[—rCPO*+(1/3)CO1H] (85)
C"F=(6)"[—vCy = (r/D) P * +(1/2)CP ] (86)
Gk =(9/2) [ —v G  +(1/3)65] (87)
G =(6)""[ "G+ (v/2)CP 1 = (1/2)C3 4] (88)
Ck=(15/4) (7 = 1/5)C 0 = (20/5) 314 (89)
Co2*=(75/2) [ (v =" /5)Cy +(1/2)(v2 ~1/5)C3 0
—(2r/5)C 1] (90)
CE>k=(75/4)"*[(v2 = 1/5)CO 1% — (20/5)C3 0] (91)

CE kR =(75/2)"*[(w" = /5)Co— (1/2)(v2 —1/5)CO1*

+(2v/5)C 4] (92)
CO2k=(5) 2yl 0k (93)
CP22k = (5) 2y (94)
C 1 =(3/2) [ Ci0k 4y K] (95)
o =(9/2) /[y Cy Ok —r G +(2/3)C)] (96)

We can see that the formulas for the coefficients (85)-(96) are trans-
literations of the formulas for the functions (63)-(74), in which we have
made the replacements

Hirxp)—GCy,  4(ikXr)-> —iCy%*%,  *(ikXp)-> —iCIVk (97)
(r-p)-—v, (k-r)—iv', (k-p)—iv” (98)
k?-+1, r2-—1, = —1 (99)
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Other quantities in the functional formulas are replaced by unity, except
that the numerical coefficients, the numerical normalization factors, and the
factor i when it appears, are left unchanged. In a similar way, the coeffi-
cients in (75)—(84) are transliterations of the functions in (40)-(49), using
(98) and (99) and the further replacements:

k)~ (3/2) 0k

)~ —i3/2)7%¢,
(p)~—i(3/2)"%C, (100)
The formulas for the coefficients were obtained from the operator
equations (8)-(10). We still have (11) to make use of. This couples together

the odd-parity and even-parity functions. Operations upon the leading
odd-parity “P functions lead to the results

(P7/k,k, ) (ik- 9, XV, )py =(2/27) g3 1
+(1/27)" 2 g3k 4 (1/3) 3¢
(101)
(P/ki,x, )ik, X ¥, )y = — (2/27)" 7 g 0%
=(1/27) P2 = (1/3) g *
(102)
(P7/kkx, )(ik -V, X ¥, )93k =(2/27) o +(4/27)"* gh -2k
(103)
Similar operations upon the leading even-parity *P functions give
(P7/kx,k, )(ik- ¥, XV, ) gy =—(2/27) 3%
= (1/27)" 2 @30k —(1/27) /g 2%

+(2/27) P32k — (14/135) Pl
(104)
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(PT/kKer

)(ik-9, X7, )@k =(2/27) ¢,
+(1/27)1/2‘»”19 (1/27)1/2 12k
_(1/54)1/2q)gsl 2k _ (1/10)1/2 2,1,2k
(105)

(P/k,i, )(ik- v, X, )31k = —(2/27) o,

= (1/27) o+ (1/27) > 2
+(1/54)"2gh> 2 +(1/10)" g2

(106)

The functions ¢, and ¢,,, which appear above, are defined in Appendix A
of III, and the coefficients C;y and C,j, which will be needed in what
follows, were given in Appendix E of III. We will also need the following
four coefficients:

CL1 =9/ (' v /3P +(v/3)C, = (1/9)C]  (107)
CLP*=(9/2)[(m" = /3)CPO* +(v/3)C, — (1/9)C,]  (108)
CM*=(15)""*[(—vv"+9/2)Cy + (v —1/2)C,

+(1/2) (w0 =) %4 (109)
Gl =(15)*[(—vv" +2/2)C, + (v =1/2)C,

+(1/2) (" —»")CEO4] (110)

As mentioned earlier, the operator in (101)-(106) is skew symmetric.
Inspection of the first matrix element on the right of each of these six
equations will provide illustrations of the sign changes. When the operator
relationships are replaced by relations among coefficients, this skew symme-
try needs to be allowed for. It is most convenient to put the sign change on
the left of the equals sign, giving six relations, of which the first is

=(2/27)"2CP 1 +(1/27) P+ (1/3)C

=(2/3)"?[—v'Cy—pC3OF + CP1H] (111)
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These six equations, after substitution from the appropriate reduction
equations, take the form of six linear homogeneous equations in six un-
knowns. Because of redundancies, it is not possible to solve for five
unknowns in terms of the sixth, but it is possible to solve for three in terms
of the other three. There is a secular equation that needs to be satisfied, but
it is identical with (13) and therefore has already been satisfied as a result of
algebraic relationships that hold among the operators that appear in (8)-(11).
The three new reduction equations are

ok =(1=v) (v =)0+ (v =)~ (2/3)G] (12)
G0k =(1-v2)"[(3/2) "y (2C; = C) + (v = ¥")C (113)

C3 R =(1-92)"[(3/2) 2 1(Cs—»C) = (" =) G| (114)

With these three now available, all of the higher P momentum-dependent
coefficients can be reduced to linear combinations of the three rest-system
coefficients C;, C,, and C,. The parameters », »’, ", and vy will all appear,
of course, and magnitudes for these parameters will need to be determined
as a part of a trilocal solution, but the infinite matrix equations that would
otherwise need to be solved are by this procedure reduced to finite matrix
equations. For the *P families, only these three expansion coefficients
remain, at this stage, independently adjustable.

6. 2P-STATE FAMILIES
The doublet P-state families can be set up in direct analogy with the

quartet P-state families in the previous section. Note first the rest-system
functions having the following definitions:

s =iNgke, i o[ (+) 72 (1) +(=) ()] (115)

07 =iNok, jo [(=) " (p) +(+)"*(p)] (116)

P13 =No(3/2)" 2,0, 4 o[ (=) (irxp) + (+)*(irxp)]  (117)
Introduce now a momentum-dependent trio of functions:

GOk =Ny /) jo,o ()77 () + (=) (k)] (118)

Pk = (iNg /k)(3/2)" 2k, 1 o[ (+) 72 (ik 1) + (=) > (ikxr)]  (119)

o= (iNy /k)(3/2)" %, joa[ (=) (ikXp) +(+) 7 (ikxp)] (120)
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The substitutions which will change the *P functions in (36)—(39), (61), and
(62) into the 2P functions in (115)-(120) can now be used to change any of
the P functions in the previous section into analogous *P functions in the
new family.

When the analogy is followed further, we find that the coefficients of
these families of 2P functions can be expressed as multiples of the three
leading coefficients, Cs, C;, and Cy5.

In addition to the above pair of families, there is a parallel system
which starts from the rest-system functions:

9 =iNo(1/3)" %k, j1 o[ 3(+)"*" (1) = (=) ()] (121)
93 =iNo(1/3) 2k, jo [3(=) " (p) — (+)(p)] (122)
16 =No(1/2) ki, i 1[3(=) 7 (irxp) = (+) ™ (irxp)] (123)

The leading momentum-dependent functions in this system are

g0k =(Ny /K )(1/3)"2 jo o[3(+)"*" () — (=) "** ()] (124)
@ik = (iNg /K)(1/2) %k, jy o[ 3(+) 72 (ikXr) — (=) (ikXr)]
(125)
o k—(lNo/k)(l/z)l/z"pjo,l[3(_)sz(ikXP)_(+)Tzc(ik><P)]
(126)

Again, with appropriate substitutions each of the *P functions in the
previous section can be used for the generation of a corresponding function
in the above system of 2P functions. For these families, the coefficients can
be expressed as multiples of the three leading coefficients, Gy, Cy, and C,,.

There is therefore no need to repeat the algebra for these 2P families,
based on the functions in (115)—(126). It is the same algebra as used for the
4P families in the previous section.

The function translations which will take us from ¢, to s, from ¢, to
2-%-* can be summarized as

@5, and from 3% to @2
()0 -6/2"[(F™ () +(=)*()] (127)

where the vector in the open parentheses is whatever vector is involved in
the translation. This same translation (127) can also be used with the
even-parity functions, and will take us from @4 to @5, from @§%* to p}2%,

and from ¢%"* to g%~
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Each of the above six translations can be considered as a syllable
translation within more complicated word translations that are involved
when functions such as (56) or (70) are converted from “P functions to 2P
functions in these families based on (115)—(120).

Functions in the 2P families based on (121)-(126) can be obtained
from *P functions with translations summarized as

(=)"0-1/2)"" 3= O (=)0 (128)
which carry ¢, to ¢, ¢, to @5, ¢y to ¢4, and so forth.
The coefficients for the 2P functions can be obtained as transliterations
of the functions themselves, by a procedure parallel to that used for the *P
families, except that instead of the replacements (100) the following replace-
ments are needed: ‘
(F)7 (1) + (=) (k) - O
(F)7 (1) + (=) (1)~ —i
()7 (p)+(x)*(p) - —iC, (129)
3() W)= (£) k) ~(3) PO
3(F) ()~ (=)0~ —i(3) G
3(7)(p)—(2) ()~ ~i(3)*Cy (130)
Similarly, instead of (97) we will need to use
(=) (irxp) + (=) > (irxp) ~(2/3)*C,s
()72 (ikoxn) + () ik xe) > —i(2/3) V2Ol ¢
()" (ikxp) + ()" (ikxp) - —i(2/3)*Cl*  (131)
3(=)7 2 (irxp) — ()" (irxp) ~(2) *Cq
3(F) 2 (ikxr) — ()" (ikXr) - —i(2) 2 Cl*
3(7)7 P (ikXp) — (=) (ikxp)— —i(2) *Cly* (132)

When the operator in (11) is applied to these *P functions, relationships
similar to those with the P functions are obtained. In particular, we find
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that the reduction equations (112)-(114) have doublet analogs, given by

P =(1=2) " [ = )5+ (9 =9)C = (2/3) 4y

(133)

Co%=(1-22)""[(3/2)" Py (rCs— C; ) + (3w’ —»")Cyy] (134)

cylk=(1—-v2)""[(3/2)/ ¥ (Cs—2Cy)— (wr"" =) Cy3] (135)
GO0k =(1=12) " [(mw" ") Cs+ (3w =) Cy—(2/3)/*Cy4)

(136)

o *=(1=12)""[(3/2)" 2y (+Cs— Cy ) + (v’ —")C4) (137)

b =(1-v2)""[(3/2)*¥(Cs—vCy) — (" =)y, (138)

With the use of these reduction equations, all of the 2P coefficients can
be reduced to linear combinations of six head-of-family coefficients. These
six are Cs, G, C;, C;, Cy3, and Cy,. In the linear combinations, there is
involvement of the eigenvalue parameters », »’, »”, and y. This involvement
is very similar to the involvement in the reduction of the 2S and ‘P
coefficients. It is a part of the program by which the infinite expansion will
be reduced to a finite expansion in terms of 16 unknown head-of-family
coefficients.

7. “D-STATE FAMILIES

There are five quartet D-state functions within the first 16 rest-system
tree functions. Three of these have even parity:

0 =Ny(6) 2k Jz ol — ) (“') (139)
11:N0(6)1/2 2]o (=) (PP) (140)
12:No(9/5)l/ZKr“pj1,1(+)T4(TP+PT) (141)

The other two have odd parity:
. 1/2 o . T4,
P15 =iNy(12) Ker12,1(+) (irrXp) (142)

16:iNo(lz)l/z'fr",%jl,z(*)ﬂ(ipfxl’) (143)
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Operations upon (139)-(141), using the operators in (8)—(10), generate
a *D family which includes many momentum-dependent tree functions.
Some of them contain the grouping in (7), which vanishes identically, so
that these are to be treated as null functions. This *D family has even parity.
Similar operations upon (142) and (143) generate an odd-parity D family,
which includes a few functions containing the grouping in (6). These are
also to be treated as null functions.

The even-parity family contains the three leading momentum-dependent
functions:

‘Pllé) k_(’No/k)(g/S)l/z K, J1, 0( ) (kr+rk) (144)
@'+ * = (iNy /k)(9/5)" %k, o (+) " *(kp+pk) (145)
@02 =Ny /k2)(6)"2 jo.o(—) " *(KK) (146)

Functions linear in the momentum vector include the following:

oyt = (iNy /K) (81/10)*kZx, jp (+)”

X [*(kr+1k)(r-p) —*(kp+pk)r?/3] (147)
ohs = (iN, /K )(81/10) 2k k2, 5(—)

X [*(kp+pk)(r-p) —*(kr+rk)p?/3] (148)

k= (iNg /K )(24) k21, o ()

X [*(m) (k-p) ~ (1/2) *(ro+pr) (k-r)

—(1/4) *(kr+1k) (r-p) +* (kp +pk) r2/4] (149)
P = (iNg /k)(24) P w2y (=)

X [*(pp)(k-1)— (1/2) *(xp+pr) (k-p)

—(1/4)*(kp+pK)(r-p) +*(kr+1k)p?/4] (150)
ohoc k= (iNg /k)(30/7) k2K, y 1 ()"

X [*(m) (k-p) +*(rp+pr) (k-1)

—(2/5) (ke +1k) (r-p) —*(kp+pk)r?/5] (151)
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(Ploz = ’No/k)(30/7)1/2’c "le (= )7
X [*(op) (k-1)+*(rp+pr)(k-p)

~(2/5) *(kp+pk)(r-p) —*(kr+rk)p?/5] (152)

i = (iNy /k)(30) k2 s o( =) [*(m) (ko) —* (ke +vk)r?/5] (153)

@5 % = (iNy /K ) (30) *x2 jo s (+)[*(pp) (k- p) —* (kp+ oK) /5]
(154)

Prie ©=(iNg /) (135/4)" 22 jo (=)

X {*(kr+1k) [(r-p)*~r%?/5] —*(kp+pk)(r-p) (2r?/5))

(155)
(P%bas’k = (iNo/k)(135/4)l/zxrzxsjzg(+)T
X {*(kp+pk)[(r-p)*—rZp?/5]
—*(kr+ 1K) (r-p)(20*/5) } (156)

‘Pmbk (1No/k)(150)]/2 ; 2]32( )
X {*(m)(k-p)(r-p)—(1/2) *(ro+pr) [ (k-r)(r-p) + (k-p)r2/5]
+4(pp) (k-1)r2/5—(1/4) *(kr+rk)

x[(r-p)*~r??/5]+*(kp+pk)(r-p)r?/s} (157)

‘leb%k :(iNo/k)(150)1/2"r2"2j2,3(+)T
X {*(op)(k-r)(r-p)~(1/2) (rp+pr)[(k-p)(r-p)+ (k-r)p?/5]
+4(m) (k-p)p?/5—(1/4) *(kp+pk)

X [(-0)?=r2%/5] +4(ke+ek) (r-p) /5 ) (158)
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Pi k= (iNy /) (125/2) 302 j o (=)

X {*(m)[(k-p)(r-p)— (k-1)p]

+4(p+pr)[(k-1)(r-p) - (k-p)(2r%/5)]

—*(op)(k-1)(2r2/5)—(2/5) *(kr+ 1K)

X[(r-p)*~7r%?/10] —*(kp+pk)(r-p)r?/25} (159)
Vot = (N /k)(125/2) il o 5(+)

X {*(pp)[(k-1)(r-p) — (k-p)r?]

+4(rp+pr)[(k-p) (r-p) — (k-r) (26%/5)]

—4(m) (k-p)(20%/5) ~ (2/5) *(kp+pk)

X [(r-p)*—7r%?/10] —*(ke+1k) (r-p)p?/25 )} (160)
ook = (i, /k)(315/2)" Pt jy (+)

X {4(m)[(k-1)(r-p) = (k-p)r*/7] =*(rp+pr)(k-¥)r2/7

—*(kr+1k)(r-p)r?/7+*(kp+pk)rt/35} (161)
sk = (N /k)(315/2) k5 ji (=)

X {*(pp)[(k-p)(r-p)— (k-1)0?/7] —*(xp+pr)(k-p)p?/7

—*(kp+pk)(r-p)p?/7+*(kr+rk)p*/35} (162)

Functions quadratic in the momentum vector include
<P%00 = (No/k2)(135/7)1/2"312,0(_ )T
X [*(ke+rk)(k-1) —*(rr)(2k2/3) —*(kk)(2r?/3)|  (163)
ol = (N /K2 )(135 /1) ek jo o (=)

X [*(kp+ok)(k-p)—*(pp)(2k?/3)—*(kk)(207/3)] (164)
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Phiss = (No /K2)(18) 1,1, jy 1 (+) T (KK) (r-p) (165)
‘Pll’oIBZk = (No/kz)(9/2)1/2“#“,]1,1(“*')T
X [*(kr+ 1K) (k- p) —*(kp+pk) (k-1)] (166)

Fhoc = (N /k?)(81/14) ki, iy 1(+)
X [*(kr+1k) (k-p) +*(kp+ pk) (K-r)
~(2/3) (rp+pr)k? — (4/3) (k) (r-p)] (167)
@i = (No /k2)(525/4) "k} o( =)
X {4(m)[ (k1) —k2r2/7] =4 (ke + 1K) (k1) (2r%/7)
+4(kk)(2r4/35) } (168)
@2 =(No /k2)(525/4) ko (=)'
X {*(pp)[(k-p)*~Kk%?/7] —*(ko+pk)(k-p)(20%/7)
+4(kk)(20%/35) } (169)
Phos™* =(No /K2 )(675 /) w2, 1 (+)'
X (e[ nEe) ~ (ko))
—*(ko+pk)(k-r)r’/5—*(kk)(r-p)(2r%/5)
= (2/3)[*(m)(x-p)k? —*(rp-+pr)k?r?/5] } (170)
s =Ny /K2 )(675/T) el jy 5(+)
X {*(kp+pk)[(k-p)(r-p)— (k-1)p?/5]
—*(kr+rk)(k-p)p’/5—*(kk)(r-p)(20%/5)

—(2/3)[*(0p)(x-p)k* —*(xp+pr)ke®/5] } (171)



3,1,2k —
Pros

1,3,2k —
P1os

31,2k —
Pro¢

1,3,2k —
Proc

2,2,2k —
Plos

=(No/k?)(675/4)*k7x, jsa(+)"

X {4(m)[ (k1) (k-p) — (r-p)k?/3]

—(1/2) *(ro+or) [ (k-1)*—k?r?/3]
~*(kr+1k) (k-p)r?/5+*(kp+pk) (k-r)r*/5}
=Ny /k?)(675/4)" k063 ji 5(+)"

X {*(pp)[ (k1) (k-p) — (r-p)k?/3]

—(1/2) *(wp+pr)[(k-p)* — k%%/3]
—*(kp+pk) (k-r)p>/5+*(kr+rk) (k-p)p?/5 )
=(Ny/k?)(175/4) "k, s 1 (+)

X {4 [ (k1) (k-p) — (r-p)k?/7]

+(1/2) *(ro+or) [ (k-r)*—k?r?/7]

—(2/7) (ke + ) [(k-1)(r-p) + (k-p)r?/2]
—*(kp-+pk) (k-)r2/7+4(kk) (r-p) (4r%/35) }
=(N, /k?)(175/4) 2k, iy 5(+)

X {*(pp)[(k-1) (k-p) — (r-p)k?/7]

+(1/2) *(rp+pr)[ (k-p)* —k%?/7]

—(2/7) *(kp+pk)[(k-p)(r-p) + (k-1)p?/2]
—4(ke+rk) (k-p)p?/7+4(kK) (r-p) (407/35) |
= (N /k?)(135/2)"*x2x2 oo (=)'

X4(kk) [ (r-p)*~r%?/3]

Clapp et al.

(172)

(173)

(174)

(175)

(176)
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P22 =Ny /k?)(3375/56) 2k jy o (=)
X {4(m)[(-p)*—k%?/3] =*(pp) [ (k1) k?r?/3]

—(2/5) (ke +rk) (k-p)(r-p)

+(2/5) *(kp+pk) (k-1)(r-p) } (177)
‘P:%ozb:)'k_(No/kz)(‘ts/z)l/2 jz,z(_)7
X [4(kr+1k) (k-p) (r-p) —*(kp+pk) (k1) (r-p)] (178)

izt =Ny /k?)(6075/98) *k2x2 jo (=)
X {4(kr+1k)[ (k-p) (r-p) — (k-1)(20%/3)]
+4(kp+pk)[(k-1)(r-p)— (k-p)(2r2/3)]
—(2k%/3)[*(rp+pr)(r-p) — () (20%/3) —*(pp) (2r?/3)]
—(4/3) (k)| (r-p)*—2r%%/3] } (179)
ol = (No /k2)(125/6)" 22 jo ()
X {*(p+on) (ko) (k-p) — (r-p)k*/7]
+(1/2) () [ (k-p)* k7]
+(1/2) *(pp)[ (1)~ kr?/7]
~(2/7) (ke 1) [(k-p) (r-p) + (k-1)s/2]
~(2/7) (kp+pk)[(k-r)(r-p) + (k-p)r?/2]

+(4/35) “(kk) [ (r-p)" +r%?/2] } (180)

In addition to the last five functions, there is a sixth combination of
terms which appears in the results of algebraic manipulations. This is the
null combination given earlier in (7). This combination can be treated as

though it were an expansion function, and then declared as a null function
at the appropriate moment.
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A few of the functions that are cubic in the momentum vector will also
be listed here:

(Plloo W= (’No /k3 )(30)1/2Krj1,0(_ )T

X [4(kk) (k1) —* (kr + 1k )k 2/5] (181)
SP?O1 k= (INO/k3)(3O)1/2Kpj0,1(+ )T
X [*(kk)(k-p) —*(kp+pk)k?/5] (182)

@ie = (iNo /k* )(875/8)"*k2 s o( =)

X {*(kr+rk)[ (k-r)’ —k?r?/25]

—4(rr)(k-r)(4k7/5) —*(kk) (k1) (4r?/5) } (183)
ol = (i /) (875/8)" %12 jo,5(+)"

X {4(kp+pk)|[(k-p)* ~k%?/25]

—“(op)(k-p)(4k?/5)—*(kk)(k-p)(40%/5) } (184)
o = (i, /K> )(135) k2, o, (+)

X {*(ak)[(k-r)(r-p)— (k-p)r?/3]

—*(kr+rk)(r-p) k?/5+*(kp+pk)k?r?/15} (185)
oy = (i /k*)(135) .2y 5(=)

X {40 (k-p ) (r-p) — (k- r)p?/3]

—*(kp+pk)(r-p)k?/5+*(kr+rk)kp?/15} (186)
oy = (N /2 )(75/2) k2K, o 1 (+)

X {*(kk)[(k-r)(r-p)— (k-p)r?]

+4(kr+rk)[ (k-r) (k-p) = (r-p ) (2k%/5)]
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—*(kp+pk)[ (k-r)’—2k2r?/5]
—4(m)(k-p)(2k%/5)+*(rp+pr) (k-r)k?/5 | (187)

A = (iNo /K° )(75/2)" el ji (=)
X {(*(kk)[(k-p ) (r-p) — (k-r)¢?]
+4(kp+pk)[ (k1) (k-p) — (r-p)(2k%/5)]
—4(ke+1k)[ (k-p )’ —2k%?/5]
—4(op)(k-r)(2k/5) +4(tp+pr)(k-p)k?/5}  (188)
o = (iNy /k*)(125,/2) k2, o 1 (+)
X (4(ke+rk) [ (k1) (k-p) — (r-p)k?/25]
+(1/2) *(kp+pk) [ (k-r)* —k?r?/25]
—(2/5)*(m) (k-p)k> — (2/5) “(rp+ pr) (k-x) K

—(4/5) (k) [(k-1) (r-p) + (k-p)r?/2]} (189)

g = (iNo /k°)(125/2) k2 j1 (=)'
X {*(kp+pk)[(k-r)(k-p) — (r-p)k?/25]
+(1/2) *(kr+1k) [ (k- p)* — k20?25
—(2/5) *(pp) (k-1)k> = (2/5) “(rp+pr) (k- p) k>

—(4/5) (k) [(k-p) (r-p) + (k-r)p?/2] } (190)

The above are even-parity *D functions constructed from (139)-(141)
using the operators in (8)-(10). When we use these same operators on the
odd-parity D functions given in (142) and (143), we generate momentum-
dependent odd-parity functions, some of which will be listed here.
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The leading functions are the following six:

‘Pl1’sls'k :(No/k)(18/5)l/2n,xpj,,l(+)74(irk><p+ipk><r) (191)

Plise = (No /K )(54/5) b,k jy 1 (+) " (ikrxp) (192)
g0k = (N /k)(12) 72y o =) " (irk ) (193)
o= (No /k)(12)*k2jo ,(—) " *(ipkXp) (194)
g2 = (iNg k) (12)' 7,y o =)™ (ikdexr) (195)
o2k = (il /) (12) 2k, o, (+) " (ikk X p) (19)

Other functions linear in the momentum vector include

(P3151sk (No/k)(a))l/2 ] j3,x(+)T

X [*(irkXr)(r-p)—*(irk X p+ipkXr)r?/5] (197)
P = (Np /k )(60) 63 jy 5(+)
><[4(z'pk><p)(r-p)—4(z'rk><p+ipk><r)p2/5] (198)

ghd k= (N /K )(270/7) k22 jy (=)'

X {*(itkX p+ipkXr)(r-p)

—(2/3)[*(itkXr)p? +*(ipkxp)r?] } (199)
Phs k= (No /k)(135/2) ik, o 1 (+)"

X [*(irrxp) (ko) +(1/3) “(irkxr) (r-p)

—(1/6) *(irk X p+ipkxr)r? —(3,/10) “(ikrx p)r?] (200)
Pidsk = (No /k)(135/2) 2,3 o 4 ()

x[*(iprxp)(k-p)—(1/3) *(ipkXp)(x-p)

+(1/6) *(itk X p+ipkXr)p? — (3,/10) *(ikrX p)p?] (201)
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st = (No/k)(54) k2 jy o(—) " (ike X p) (r-p) (202)
s = (No /k)(675/28) "2 jp o(—)"
X {*(irrxp)(k-p)+*(iprxp) (k-r) = (3/5) “(ikrXp)(r-p)
+(1/3)[*(itk Xr)p? —*(ipkXp)r?] ) (203)

In algebraic operations which generate the terms that appear in (199),
(202), and (203), there will ordinarily be additional terms expressible as
some multiple of the expression in (6). As noted earlier, that expression is a
null quantity, a grouping which is identically zero. For convenience, it can
be treated as belonging to a fictitious function ¢34 ¥, which is then declared
to be a null function.

In the case of the analogous null combination in (7), that grouping
could have been treated as a factor in a fictitious expansion function ¢%22*
which used terms appearing in (176)-(180). That fictitious function could
have been used in the algebraic sorting of terms, and then declared as a null
function.

Further odd-parity *D functions, depending linearly on the momentum
vector k, are the following:

Pis = (No/k)(525/2)1/2 ; 2J4 (=)
X {4(irk><r)[(r-p)2—r2p2/7]

—(2/7) *(itk X p+ipkX1)(r-p)r+(2/35) “(ipk X p)r}
(204)

Pl k= (Ny /k)(525/2) it jy (=)

x {*(ipkxp)[(r-p)*—r%?/7]

—(2/7) “(irkX p+ipkXr)(r-p)p*+(2/35) *(irk Xr)p*} (205)
Pk =Ny k) (875/4) il jy 5 (+)

X {*(irkX p+ipkXr)[(r-p)*—rZ?/25]

—(4/5)[*(ixk x1)(r-p)p* +*(ipk X p)(r-p)r?] ) (206)
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9l = (Mo /K)(945/2) kit ja (=)'

x {*(imxp)[(k-1)(r-p)— (k-p)r*/7]

+(1/3) *(inkxn) (-0 =r /7]

—(3/14) *(ikrxp)(x-p)r? —(1/6) “(itk X p+ipk 1) (r-p)r?

—(1/7) *(iprxp) (k-1)r? +(1/21) *(ipk X p)r*} (207)
G = (N /K)(945/2)" i o a( =)

x {*(iprxp)[(k-p)(r-p) — (k-r)p?/7]

—(1/3) (ipkxp)[(r-p)*~r%?/7]

—(3/14) *(ikrxp)(r-p)p* +(1/6) *(irk X p+ipk Xr) (r-p)p*

—(1/7) *(irrxp) (k-p)p* — (1/21) *(irk X1)p*} (208)
993153;k (]\/0/1‘)(945/4)1/2 ; 313 3(+)T
x4(ikrxp)[(r-p)*~r%?/5] (209)

P = (No /K)(875/4) i o 5(+)
X {4(imxp)[(k-p)(r-p)— (k-1)(26%/5)]
+4(iprxp)[(k-1)(r-p) — (k-p)(2r?/5)]
—(3/5) *(ikrxp)[(r-p)’ —2r%%/5]

+(1/5)[*(irk xr)(r-p)p* —*(ipk X p) (r-p)r’] } (210)

For convenience in algebraic manipulations, it may be appropriate here to
define a fictitious function @3}3:* which will contain as a factor the expres-
sion in (6), multiplied by the further factor (r-p). This function, analogous
to 32 ¥ discussed above, is then declared as a null function after it has been
utilized to facilitate the sorting of the terms which appear in (206), (209),

and (210).
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Functions quadratic in the momentum vector include the following:

3,0,2k —
P15

0,3,2k —
Pi5

2,1,2k —
Piss

1,2,2k —
Prss

2,1,2k —
Pisq

1,2,2k —
P5a

2,1,2k —
Pise

=(iNy /k*)(75)" %2 js (=)

X [*(irkXr)(k-r) —*(ikk X1)r?/5]

=(iNy /k2)(75)" %3 jo.o(+)"
X[*(ipkXp)(k-p)—*(ikkXp)p?/5]

=(iNo /K2)(75/7) K28, o (+)

X [*(itkXr)(k-p ) +*(irk X p+ipkXr)(k-T)
—(2/5) *(ikkxr)(r-p) — (1/5) “(ikk X p)r?|
=(iNy /K2 )(75/7) 1,62 jy 5(—)

X [*(ipkxp)(k-r) +*(itk X p+ipk Xr)(k-p)
~(2/5)*(ikkxp)(r-p) —(1/5) *(ikkxr)p?]
= (il /K2 )(540/T)" >, o, (+)

X {*(ikrxp)(k-r)+(2/3) *(irkXr)(k-p)
—(1/3)[*(itk X p+ipkXr)(k-T)
—4(ikkXr)(r-p)+*(ikkxp)r?] }

= (iNo /k?)(540/7)" k2 jy o(—)"

X {*(ikeXp)(k-p)—(2/3) *(ipkXp)(k-T)
+(1/3)[*(itk X p+ipkXr)(k-p)
—4(ikkXp)(r-p)+*(ikkxr)p?] }

(’No/kz)(480/7)1/2 K, )5, 1(‘*')

X [4(itkxr) (k-p) = (1/2) *(itk X p+ipk Xr) (k-r)
—(1/4) *(ikk 1) (r-p) +*(ikk X p)r2/4+*(irr X p)k*/2]

551

(211)

(212)

(213)

(214)

(215)

(216)

(217)



552 Clapp et al.
<P1152b2k_(’No/kz)(480/7)1/2 ,3]'1,2(_)7
X [*(ipkxp) (k-1)— (1,/2) *(itk X p+ipk Xr) (k-p)

~(1/4)*(ikkXp)(r-p) +*(ikk X1)p?*/4—*(iprx p)k/2]

(218)
ot = (iNg /K2 )(54) k2, jo, ()7
X [*(ikkXr)(r-p)—*(ikk X p)r?/3] (219)
o = (iNo /k*)(54) kel jy o( =)
X [*(ikkxp)(r-p)—*(ikkxr)p?/3] (220)
A few of the functions cubic in the momentum vector are
Ph02k =Ny /k)(75) k) o( =)'
X [4(ikkXr)(k-r)—*(irk Xr)k2/5] (221)
o2k =(No /K2 )(75)" P2 o o (=)
x[*(ikkxp)(k-p)—*(ipkxp)k?/5] (222)
sy =(No /K2 )(45/2) s i, 1 2 (+)
X [*(ikkxr)(k-p)+*(ikk X p)(k-r)
—4(irkX p+ipk Xr)k?/5] (223)
P = (No/k?)(45) ke ju o (+)
X [*(ikkxr)(k-p)—*(ikk X p )(k-r)
+4(ike X p)(3k%/5)] (224)

There are, of course, many more functions (infinitely many more).
They can be generated as needed with the aid of the operators in (8)-(10),
though in some cases considerable trial and error is needed before the
generated terms can be correctly sorted into correct functions. Correct
functions are those that make the matrix representations of these operators
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symmetric, while making the matrix representation of the operator in (11)
skew symmetric. What we have given here are the earlier functions in what
can be recognized as families and subfamilies, whose orderliness suggests
that generalized formulas for the families must exist, similar to the gener-
alized formulas in III, though we have not found those formulas as yet.

We have, however, found procedures for transliterating from the func-
tions to the coefficients. These procedures were illustrated earlier, as they
applied to the 25, P, and 2P functions and coefficients. With respect to the
4D families, the added transliteration formulas are, for even-parity func-
tions,

() ~(1/6)*Cyg
4(PP)_)(1/6)1/2C11
“ro+pr)—>(5/9)"*Cyy
“(kr+1k) - —i(5/9) 2 Cl*
Hkp+pk)—>—i(5/9)*Cl*
4(kk)>(1,/6) /2 Cy0 2 (225)
For the odd-parity “D functions, we get
Himrxp)— —i(1/12)]/2C15
“(iprxp)-—i(1/12)'/*C,
“(itk X p+ipkXr)—(5/18)">CL Lk
‘(ikexp)—(5/54)2ClsL*
4(itk Xr)>(1/12)2Cy0*
*(ipkXp)~(1/12)"*Cly*
“(ikkXr)- —i(1/12)/*CL02k
“(ikk X p) - —i(1/12)/ 212k (226)

Other quantities are transliterated as shown in (98) and (99), and in the
discussion that follows those specifications.
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Examples of transliterated coefficients for “D functions are

Cloy™ =—(3)/*vCfy*2* (227)
CEP* =(25/2)"[—w"Cl>* +orClH] (228)
Cliyk=—(5)"2 >  +(2/3) *Clib* (229)
Cli* =(9/2)*[—vCli** + (1/3)Cl] (230)

These transliterations arise out of the auxiliary equations (8)-(10).
There is an interplay between action by the differential operators upon the
expansion functions and matrix manipulations of the expansion coefficients.
This interplay is embodied in and summarized by the transliterations.

Consider now the null functions obtainable from (6) and (7). These
identities express a lack of full independence among the functions contained
therein. Yet the transliteration formulas will permit the construction of
putative expansion coefficients to accompany these null functions (except
for an uncertainty as to the numerical normalization factors). Each such
coefficient will be a linear combination of leading coefficients. We can
tentatively infer that the lack of full independence among the functions
means a corresponding lack of full independence among the coefficients,
expressed then by the two null conditions:

0=5"Cjs —'Cis— CEO* —C>* +(10/3)Svclih (231)
0=(»r"?=1)Cyo+(»*—1)C;; — (»* —1)C{»*
—(10/3)2[(#9" —=»)Cyp + (w2 =) C L

+ (v’ —p")C 4] (232)

The relationships (231) and (232) will be found to be consistent with
other algebraic conditions, or to follow from other algebraic conditions,
though here they are just presented as tentative inferences from the trans-
literation formulas, together with the easily verifiable identities (6) and (7).
The transliteration formulas themselves were obtained inductively, through
inspection of the first few dozen coefficients constructed by explicit applica-
tion of the auxiliary equations (8)-(10). A formal inductive proof of these
transliteration formulas will be left to the reader.

These transliteration formulas permit us to write down expressions for
any of the *D coefficients, in terms of the leading coefficients, where these
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latter are six in number for the even-parity family and eight in number for
the odd-parity family. The relationships (231) and (232) reduce these
numbers to five and seven. We will want to reduce the number of indepen-
dent leading coefficients still further, through use of the auxiliary condition
(11) which couples together the even-parity and odd-parity families.

In analogy with the “P relationships in (101)-(106), we can construct,
for the 4D families, the relationships

(P’/erx )(’k Vv, XV, )‘Plo (1/15)1/2%5sk+(1/45)1/2<P1151ak
+(2/45) 2@l 4 (4/45) P gLk
(233)
(Pf/k" K )(’k V. XV, )‘Pll__(1/15)1/2q7155k+(1/45)1/2 l151ak
- (2/45)1/2q’15s k+ (4/45)1/2‘P1153ak
(234)
(PT/kKer)(ik' ervp)‘Plz_ —(1/15)‘/2 a0k
+(1/15) 2ok — (2/375) 2 gtk

+(28,/375)"* g2k (235)

(P /k"r"p)(’k V, XV, )‘Pl i k“(l/ls)]/z%s
+(1/15) g5 2% +(7,/1200) 2 g2
+(7/600) /g2 +(1/30)" gk
(236)

(PT/kKer )(ik- v, X \Z )l = (1/15)1/2(P16
- (1/15)1/29’11’50’2’( + (7/1200)l/2q’1152a2k
172
_(7/600) / ‘Pllszbzk (1/30)1/2(’)1152621(
(237)
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(PT/kKer )(lk Vr X Vp )(p?bO’Zk‘: (4/45)1/2(p11’515k

+(2/15) 2 hd (238)

(P7/kk,x, ) (ik- v, ¥ V)i = _(1/5)1/29’11’00’k
—(2/45)" @i — (2/375) 9y
+(8,/225)" gy — (14/1125) i *
+(1/125)" @ik —(2/225) P iy

—(32/375) @i * (239)

(PT/kKer )(ik‘ V. XV, )P16=— (1/15)1/293?61’k
—(2/45) 2% = (2/375) il
+(8/225) iy — (14/1125) oyt
+(1/125) i - (2/225) Pt

—(32/375) otk (240)

(P7/kr,, )ik 9, X 9, )30  =(1/15) g,
+ (2/45)1/2(?26 - (1/150)1/2(;)11’011;2"
—(7/150)"/ g2 — (7/225)/* gy

—(4/15)ipp** (241)

(PT/kK,Kp)(ik- VrXVp)tP?gz’kZ _(1/15)1/2([)12
1/2 .
—(2/45)" gy, — (1/150) *glis2¢
+(7/150)1/2q’11’01c’2k+(7/225)1/2¢11’03;2k

+(4/15) g™ (242)
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(P7/ke,k,) (ik- 9, X 9, )ohds* == (1/15) "y
1/2 1,2
+(1/15) 2y, +(7/150) /2 02
—(7/150)1/2(”%2’2](_(112/1875)1/297%62‘;21(

+(1/25) 955" (243)

(PT/kK’KP)(ik'erVp)<P11’51(;k:*(1/45)1/2(p10
—(1/45)" g, — (14/225) g, — (4/45) 22102k
2
_(7/450)1/ (P%bo,Zk_(7/450)1/2(’)%2’%

+(2/15) g3 — (49,/1125) g2k (244)

T . . 1
(P/kk .k, )(ik- v, X v, )& 2k = (1/15) gl
1/2 1/2 1/2
+(1/30) 2 @2k — (1/50) P pdik — (2,/45)" -3k

—(1/45) @ik — (2/25) gy (245)

(P7/kek,x, )ik W, X 9, )@yl = — (1/15) gl ¥
1/2 2 1/2
~(1/30)' g\  +(1/50) iy £ +(2/45)' g **
+(1/45) i +(2/25) ol (246)
As noted earlier, the operator on the left of (233)-(246) is skew symmetric,
and there are many illustrations of this among the matrix elements on the
right. Substitution into the eigenvalue equation (11) leads to relationships

among the expansion coefficients. The relationship that corresponds to
(233) is

¥Cio=(1/15)"Clap* +(1/45)" > Cly*

+(2/45)' P Chl* + (4745) Py (247)

and similar relationships can be directly obtained from the 13 others.
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Each of the 14 relationships among coefficients can then be reduced
through substitutions such as

1/2 1/2
Cirk=—(5) PrCiok+ (2/3) Vel (248)
Clsik=(45/8)"*[vCis = (1/3)rCi>*
+Hs/54) Pk (1100 (49)

What results is then the following set of 14 linear homogeneous equations,
in the 14 leading coefficients:

¥Cio = (1/2)"[v'Cis —vCE * +(5/6) *Clsy
+(5/18)*Cly*] (250)
YCu= (1/2)1/2[ v"Cig +”C0 2k (5/6)1/2C115; ,
+(5/18)clsh4] (251)
YCp, = (3/20)1/2[”/'C15 +7'Ci+ (10/9)1/2 C115(11 ,
—CEOF 4> (252)
YOI 4 =(3/20)*[C1s +(5/6) v Clyp*
—(5/18)" 2w Clihk —vCHO
—yCL2* + 1] (253)
YO+ =(3/20)*[Cis—(5/6) 2w Clit ¥
—(5/18)/ 2y Clsb k41 Cl2
— O} 4y C 2] (254)
yCEO2 = (1/2)/2[(10/9) /2 Clsk %+ Cl>2* —p'Cl 124 (255)
yCs= (2)1/2(—Vv”+v')C10

+(5/3)*[(—wv' +v")Cpp + (#2 —1)CLs"¥] (256)
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¥Cis=(2)" (= +v")C,
+(5/3)2[(=w" +9")Cy + (¥* = 1)CE 4] (257)
7C1’5; k= (3/5)]/2[(””2 - l)clo *(”’2 - 1)C11]
+(1/2)I/2[( v’ v YCIO 4+ (v’ —p)CHY k] (258)
YL =(3/2) [ (wr =) Clg * + (wv' =) Clg 4]
+(9/5)2(»2 —1)CH02* (259)
YR =(2) (" =3)Cg
+(5/3)*[(=v? +1)Cpy + (v’ — v )Cls>¥] (260)
YC105’2’k:(2)1/2(“V”’"+V)C11
+(5/3) (- )C (v )l (a61)
YO =(5/3) (" =) 4~ (v 1)l
+2) (=o' +r7) OGO (262)
CO 1, 2k_(5/3)1/2[(vu2 1)C1100 k (v’ //_V)CO 1, k]

+(2)" (v =) C02E (263)

These 14 equations can immediately be used to verify the earlier
tentative relationships (231) and (232). When the linear combination of
(256)—(258) and (261), (262) is formed which will give, on its left, the
grouping in (231), it is found that the result is an equation with exactly zero
on the right-hand side of the equals sign. A similar grouping of (250)-(255)
verifies (232).

The compatibility of the set of linear homogeneous equations would
ordinarily depend on the vanishing of a secular determinant. However, in
this instance no new condition is obtained, just the old condition (13), which
was already established algebraically.
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By judicious substitutions, using (231) and (232) and (250)-(263), we

can construct the following reduction formulas:
Cl=(1-v2)"[(6/9) (= m+)Cyg
+ (— vy’ + VN)CIZ - (3/5)1/2YC15]
i+ =(1=92)""[(6/9)(—w+1")C,
+ (=" +v)Cpp — (3/5)1/2YC16]
Clodo’Zk ==2y*(1-»? )_2[C|0 +Cy— (10/3)1/2VC12]
+ (1"’2)—1[(”"2 - l)cm +(V/2 - 1)C11

= (10/3)/*(»'v"—»)Cy)

+ (2)1/27(1 —p? )—2[(“VV"+V')C15 +( —VV’+V")C16]

(264)

(265)

(266)

Chb*=(1-12)"(3/5)"*¥(Cio—C11) +(3/10)*(wp” =) Cy5

+(3/10)/*(—vv" +»")Cy4)
Cisg = (9/5)1/27(1 —»? )—1[C10 +Cy— (10/3)1/2VC12]
+(9/10)(1=92) "'[(#20” = 9)Cys
+ (v =v")Cf]
CEO*=(1=2")"[(2) P 1€y = (5/3) xCy,
+ (—vv’+v”)C15]
CcyP =(1-»2)""[-(2)"yrCy +(5/3)vCy,

+ (v~ v’)Cm]

’ ” - 1
ClO = (8)' 2y (v =) (1=»2) [Cpo +C,, —(10/3)/*0C,)

+(2)*¥(1 ‘“VZ)~1[”//C10 - (5/6)1/2”@12]

(267)

(268)

(269)

(270)
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+2(v1/'—1/”)(1—vz)-z[(vv”—v’)()ls + vy’ —v")Cy4]

+(1=22) (=2 +9)Cis + (32 —1)Cyq (271)
Cyb =)y (—w +r)(1-07)

X [CIO +Cy _(10/3)1/2”C12]

+(2) 2y (1-92) " [—Cyy +(5/6)2vCyy)

+2(=w"+v)(1—9%)"?

X [(VV”~V’)C15 +(vv’—v”)C16]

+(1=22) [(=2"2+1)Cis + (97" —»)Cy4 (272)

With these reduction formulas, we can finally express any *D coefficient as
a linear combination of the five leading rest-system coefficients: C,y, Cy;,

8. DISCUSSION

In the previous article, III, we described the rest-system functions in
the tree expansion. Generalized forms were given for those functions,
permitting the infinite system to be compactly presented. With one auxiliary
condition, and with one auxiliary parameter, », it became possible to express
any expansion coefficient in terms of the first 16, C, C,,..., C,, as a linear
combination in which » entered as a parameter.

In the present article the tree expansion has been extended to include
the functions which lie outside the rest system. These momentum-dependent
functions have been individually constructed, and show many familial
relationships, but we have not been able as yet to find generalized formulas
which will summarize the members of the families. Clearly what we are
seeing are generalizations of spherical harmonics, and vector spherical
harmonics, into a space of higher dimensionality than the space we are
familiar with.

While we do not have a generalized Rodrigues formula, we do have the
functions themselves— enough of them for the immediate needs. We have
the auxiliary conditions (8)-(11) through which further functions can be
generated as may be needed at a later time. Furthermore, we have a
procedure by which the expansion coefficients accompanying these
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momentum-dependent functions can all be expressed as linear combinations
of the first 16 rest-system coefficients. There are now four auxiliary eigen-
values, », ', ", and y, which enter as parameters in these expressions.

This permits us (as will be seen in the next article) to replace infinite
matrix equations by finite sets of coupled equations, linear homogeneous
equations in 16 unknowns, the 16 leading rest-system coefficients C,, ..., Cy,.
Requiring that these coupled equations be compatible places restrictions on
the parameters of the system, and in particular on the mass to be associated
with a trilocal structure.
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